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Abstract 
Mathematical models for treating problems of linear viscoelasticity involving hereditary constitutive relations for com- 
pressible solids are presented, and their discretisation using finite element methods in space together with quadrature rules 
in time to treat the hereditary integrals is described. Theoretical error estimates in appropriate Sobolev space settings are 
given, both as they arise as a result of using a Gronwall inequality, and also from employing a more sensitive comparison 
theorem which (for the quasistatic problem, and under physically reasonable assumptions on the relaxation function) yields 
much sharper constants in the estimates. 
The range of applicability of the mathematical models, and hence the numerical schemes and error estimates are discussed 
in the context of various materials, primarily polymeric materials, and extensions of the techniques to the modelling of 
manufacturing processes uch as thermoforming are presented. 
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1. Introduction 
In addition to an instantaneous elastic response, nonmetallic structural materials under load can 
display significant creep (or stress relaxation) during sustained loading (or imposed deformation). 
This is particularly true of  some polymers and concrete mixes (see e.g., [12] and [32], resp.). Con- 
sider a simple uniaxial bar of  such a material subjected to an instantaneously applied and sustained 
tensile load. At the moment the force is applied, there will be an initial elastic deformation but, 
thereafter, the bar will continue to stretch, or creep, all the while the force is applied. This creep 
is a viscous effect and is caused (in polymers) by molecules moving relative to one another in 
response to the applied force. Because of  the significance of  the elastic and viscous character of  
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these materials they are termed viscoelastic and live at the interface between the classical solids and 
fluids of continuum mechanics. 
Returning to the bar: if at some later time the force is removed the bar will respond in two 
characteristically different ways. Firstly, there will be an instantaneous elastic recovery which signals 
the constituent molecules returning to their natural length. Secondly, a "reverse flow" will occur. 
The bar will attempt o return to its original, unstressed configuration and the extent o which this is 
possible depends on the extent to which individual molecules are joined to one another. If the bar 
eventually returns to its original state the material is called a viscoelastic solid, otherwise complete 
recovery does not occur-an irreversible internal flow has taken place - and it is called instead a 
viscoelastic fluid. However, the fact that the bar attempts to return to its original shape, even after 
an internal flow of molecule over molecule has taken place, suggests that it somehow has an internal 
record of its original state. It is for this reason that viscoelastic materials are said to possess memory, 
and this memory is manifest (in the case we consider below) in the constitutive relationship which 
gives stress as a linear functional (a "hereditary integral") of strain. 
In this article we summarize our interpretation of the structural (as opposed to fluidic) viscoelas- 
ticity problem and outline some of the theoretical and numerical results we, and co-workers, have 
obtained. The mathematical model we adopt is described below in Section 2, and some algorithms 
and error estimates for the linear problem are summarized in Section 3. More complex physical 
problems are discussed in Sections 4 and 5. In Section 4 a treatment of crack propagation in vis- 
coelastic materials is outlined and in Section 5 the thermoforming problem is discussed. In both 
cases the viscoelastic nature of the material is only one of the several features that must be properly 
modelled in order to adequately describe the problems. In the fracture case the main additional fea- 
ture concerns what happens in the vicinity of the crack tip and in particular when and how the crack 
tip moves. The small strain linear viscoelastic models are however still used. In the thermoforming 
case both geometric and constitutive nonlinearities must be incorporated if this is to be properly 
described. We discuss this aspect ogether with some of the elastic models which have so far been 
used in this context. 
2. Mathematical model of viscoelasticity 
We consider a compressible, isotropic, linear-viscoelastic solid body occupying a region [2, which 
is loaded under isothermal conditions. The region ~2 is an open bounded subset of ~", for n= 1, 2 or 
3, and fl~ :-- [0, T], J :-- (0, T] for some real number T > 0. From Newton's second law of motion 
we obtain the balance of momentum as follows: for i = 1,. . . ,n and t E J (summation implied), 
pu.~ . i~,x,t)--CYij, j :  f t ' (X, l ) ,  XE~-~, 
ui(x,t)=O, XEFD, aijnj:gi(x,t), XEFN, (1) 
Ui(X , O) ~- U O, X C ~'~, U~(X, O) = U 1 i' XE  ~'~. 
Here the primes denote differentiation with respect o time, t; p is the mass density of the body; 
- -  n x := (xi)7=l is a generic point in f2; u := (ui)e=l are the displacements relative to the Cartesian axes 
n A n in ~n; f := (f~)n=l are the body forces; g := (9~)i=1 are the tractions; ~ : :  (n~)i= 1 the unit outward 
normal vector to FN; FD and FN form a disjoint and time independent partition of dr2, with Fo 
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assumed to be of strictly positive measure; (aij),.",j=l is the symmetric Cauchy stress tensor; and, u °, 
u I are prescribed initial data which are assumed compatible with the boundary data at t = O. 
Often it is assumed that the acceleration is negligible, this yields the quasistatic force balance as: 
for i = 1,... ,n and t E J ,  
-aij, j=  f i (x,t) ,  xE(2, 
ui(x,t)=O, xEFo ,  crij~j=gi(x,t), XCFN. (2) 
For brevity we will often not show the explicit dependence on x of the above quantities. For problems 
(1) and (2) to be uniquely solvable we need closure. This must be provided by the physics in the 
form of a constitutive law relating the stress to the displacement. Under the linear assumption the 
E n symmetric infinitesimal strain tensor, ( ~j)~,j=l, is defined by: 
(3) e,j(u) := 2 \& j  + &i/" 
To derive the constitutive law it is usual to assume that a Boltzmann superposition of elastic responses 
may be employed. See, for example, [14]. This gives two alternative but formally equivalent ways 
of relating the stress to the strain: 
~r(u;x,t)= D(x,t,t)e(u(t)) - D(x,t,s)e(u(s)) ds, (4) 
= D(x, t, 0)8(u(0)) + D(x, t, s)e(d(s)) ds. (5) 
We note that the equivalence may be readily observed by partial integration. Here the overdot denotes 
differentiation with respect o the history variable s; t = 0 is a reference time prior to which it is 
assumed that the body is quiescent (i.e., u(t) = 0, Vt < 0); and, we have collected the stress and 
strain components into the vectors: 
O'~---(O'11 , 0"22 , 0"33 , 0"12 ~ 0"13 , O'23)T~ 
l l=(E '11 ,  C22, C33, 2e12, 2e13, 2e23)  T, 
for n = 3 (the reduction to n = 2 or 1 is made in the obvious way). The factor of 2 on the shear 
strains is introduced for convenience. In the case n = 2 the relaxation matrix, D, has the form: 
00) D(x,t,s) = 2 + # (x,t,s). 
o #/2 
The elements of this matrix, 2(x, t,s) and #(x, t,s), are examples of stress relaxation functions; in this 
case they are the viscoelastic analogues to the Lam6 coefficients that appear in linear elasticity theory. 
The other linear elastic constants have stress relaxation analogues also: K(t,s) for bulk relaxation; 
E(t,s) for longitudinal relaxation and G(t,s) for relaxation in shear, this, up to a multiplicative 
constant, can be identified with #(t,s). These functions all have the same form and to describe them 
we can introduce a generic stress relaxation function, @(x, t,s), on the understanding that any general 
comments we make about tp will apply to any of the other relaxation functions also. 
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In practice several different specific forms for q~ can be assumed and, in particular, when tem- 
perature is uniform and constant it is often assumed that the viscoelastic material is nonageing. In 
this case the material properties vary only with elapsed time rather than absolute time and qg(t,s) is 
replaced with q~(t- s). Thus the stress relaxation function takes on a simpler form, ~p(t), and the 
functionals in (4) and (5) are of convolution type. In this case some possible choices for ~o(t) are: 
standard linear solid: ~p(t) = (P0 q- q~l e-~t,  q~0, ~01, ~ > 0; 
power law: cp(t) -- q~ot -~, ~Oo > 0, ~ E (0, 1 ); (6) 
stretched law: ~o(t) = ~Oo + ~ol e -~t~, ~Oo, ~ol, ~ > 0, p E (0, 1); 
see, for example, [14, 4]. Here, the ~Oo, ~o~, etc. are experimentally determined material parame- 
ters. However, from the computational standpoint, a particularly convenient form that the relaxation 
function can take is when the standard linear solid is generalized to the Dirichlet series: 
N 
e-:ti t qg(t) = q~o + 2_, ~oi , (7) 
where ~N ~0 i > 0, 0~1,... , ~N > 0. In this case the material is a solid if q~0 > 0 and a fluid if q~o = 0. 
The computational convenience of this form is based on the following recurrence. Set ~b(t) := 
fo e-~t-S)w(s) ds, for some w, then 
( ;+' ) ~k(t + k) = e - 'k ~k(t) + e-'(t-S)w(s)ds. (8) 
,It 
Such a relationship is very convenient when trying to numerically solve a Volterra equation (see the 
next section) since it is then possible to derive algorithms with storage requirements (and step-wise 
operation counts) totally independent of the time step. 
We make the following physically reasonable assumptions on these relaxation functions: 
Assumptions 2.1. For the 9eneric stress relaxation function qg(x,t,s) we assume." 
(i) Positive definiteness: ~o(x, t,s) > 0 Vt, t - s E J ,  ce x E 12. 
(ii) The fading memory hypothesis: q~s(x, t s) > 0 Vt, t - s E J ,  ce x E f2. 
(iii) Regularity: qg(x, t, s) E C 3 ({0 ~< s ~< t ~< T); Lob(f2)). 
Furthermore, we understand that these conditions are also satisfied if the symbol q9 is replaced 
by any other relaxation function in the above. 
Equipped with the constitutive relationships (4) and (5) we can provide weak formulations of the 
viscoelasticity problem by merging each in turn with either of (1) or (2). Evidently, four problems 
in all are possible but we consider only three: two quasistatic problems, and one viscodynamie 
problem. 
We end this section with a brief discussion of a constitutively nonlinear model. There are two 
fundamentally different and (mathematically) independent ways in which this viscoelasticity problem 
can become nonlinear. Firstly, the body may deform to such a large extent that the small strain 
assumption is violated. This we term 9eometric nonlinearity and here (3) is no longer appropriate 
and must be replaced with some nonlinear elationship, we return to this subject later in Section 5. 
Secondly, the Boltzmann superposition leading to (4) and (5) is built on the assumption that the 
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material response is linear, if this is not the case - constitutive nonlinearity - then (4) and (5) must 
be replaced with some nonlinear forms. 
A rather general way to derive a nonlinear constitutive relationship is via the Green-Rivlin ap- 
proach; here the stress is expanded as a polynomial of functionals of the strain history and then 
truncated after a finite number of terms. (That is, a linear combination of n multiple integrals with 
multiplicity ranging from 1 to n.) The major drawback with this approach would appear to be not 
only the difficulty in obtaining specific forms for the kernel functions, but also the material para- 
meters that are required to implement them. The standard texts usually cover this theory, for example 
[13] or [8]. 
However, there is an alternative which seems attractive because it, firstly, is built on the linear 
theory and, secondly, seems to provide exactly what is needed to account for constitutively nonlinear 
response. Numerical results for creep tests, when compared with experimental data, indicate that the 
natural time scale of the viscoelastic response (e.g. the ~i in (7)) depends nonlinearly upon the 
deformation (or applied load). A nonlinear model used by Knauss and Emri in [17] has such a 
mechanism built in. Here the linear relaxation function, q~(t), is retained but real-time, t, is replaced 
with a reduced time, O(t). This reduced time is a functional of the deformation and in [17] is used 
in the form: 
fo t ds -bO 
Q(t) := q(O(s)) and l°gl° q "-  fo(fo + 0)' 
where 0 is the volumetric strain (that is: 0 =e l l  + - "  + e,n), and b and f0 are material constants. 
Thus the nonlinear variants of (4) and (5) follow directly from these forms by replacing t with 
Q(t) and s with Q(s) in the arguments of the relaxation functions. The applicability of this type of 
model has been investigated (numerically) in [35, Chap. 3] for the creep response of a certain nylon 
polymer and the results are encouraging. However, as yet we are aware of no theoretical numerical 
analysis of such models. 
3. Numerical analysis of linear viscoelastic problems 
Computational viscoelastic analysis has been considered by several authors, for example [4, 6] 
deal with pure-time problems (i.e. they do not consider spatial variations), and the more general 
space-time quasistatic problem is dealt with in the early paper [37]. Also, the recent papers [1, 2] 
confront he numerical study of a complex orthotropic problem. However, we are aware of very little 
theoretical numerical analysis of the viscoelasticity problem given in Section 2 and, in this section, 
outline some results that have recently been obtained. 
Beginning with the quasistatic problem we first cast the problem into weak formulation. Before 
doing so, however, it is convenient to use the product space notation: ~r( I2)  :=  (Hr(~'~)) n, where 
r is a nonnegative integer. Then, defining the test space: 
:= {v E ~f l (~)  : v = 0 on Fz)} 
we use (2) with (4) to arrive at the problem: find u E L~( J ;  ~f~) such that 
a(t , t ;u( t ) ,v )=L(t ;v)+ b(t,s;u(s),v)ds VvE~/~. (9) 
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On the other hand, using (2) with (5) we have the alternate formulation: find u E W~( J ;  ~¢~) such 
that 
fo ta(t,s; u (s ) ,v )ds  =L(t ;  v) - a(t,O; u(O),v) (10) VvE 
The derivation of the forms used above is standard (see e.g. [15, Chap. 5]); for w, v E ~ they are 
given by: 
a(t,s; w ,v )  := ~ 2(t,s)~7 •w ~7. v + I~(t,s )eij(w)eij(v) d(2, 
b(t,s; w, v) := ~ 2(t,s)~7 . w ~7 . v + t~(t,s)eij(w)eu(v)dO, 
Lit; v):: [ jit).d  + [ g it) dr. 
dF  N 
To derive numerical schemes for (9) and (10) we begin in the obvious way with a finite element 
semidiscretization in space, this yields a Volterra system of the second kind. Then, discretizing the 
time interval into 
j k  := {ti E j : O = to <t l  < ' "  < ti < " " < tN = T}, 
we further discretize (9) into the time domain by replacing the history integral with the trapezoidal 
rule for numerical quadrature (other choices-and indeed methods-are of course possible, see e.g., 
[19]). Thus, the fully discrete problem is: find, for each i E {0 .. . .  ,N}, a u~kE ~V'h such that 
i 
A(ti, ti)Ui = F(ti)  + Z mijB(ti, tj)Uj, ti E A #.  (11 ) 
j=O 
Here, the ~ij are the quadrature weights associated with the trapezoidal rule and {Uj}Y=0 are arrays 
of coordinates, in ~ e~h, of the fully discrete solutions r hk~N !u): J'j=0 which are the approximations to 
{u(tj)}N=o. At each time level an obvious rearrangement of (11) yields a linear system which has a 
unique solution for ~ii small enough. 
For (10) we form a discrete scheme by breaking the history integral into a sum of integrals 
over each (tg_~,ti), and approximate the derivative over each of these with a difference quotient. 
Thus, setting ~tUi := (Ui - U i - l ) /k i ,  where ki := ti - ti-1, we arrive at the problem: find, for each 
i E {0 .... ,N}, a u~ k E ~U h such that 
i t. 
Z ~,[' A(t i ,s)ds OtUj = F(ti) - A(t~, O)Uo. (12) 
j= l  J -  
These schemes are considered in detail in [28] where the following error estimates are derived. 
Theorem. Provided certain regularity assumptions are satisfied the errors in the approximation 
(11) to (9), and in the approximation (12) to (10), are each o f  the form: 
max Iluiti) hk -- u i  II~,~o) <<. C(h  r-1 +kZ), 
tiEj k 
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where the spatial regularity of  u is at least that of  ~r(f2)  and the finite element approximation 
is built on piecewise polynomials of  degree r - 1. In terms of  temporal regularity." C depends upon 
the second time derivatives of  u in the case (9) and (11 ), and on third time derivatives in the case 
(10) and (12). 
These estimates demonstrate convergence of the schemes but are none too reassuring for long- 
time integration. This is because the Gronwall lemma has been used in the error analysis, and this 
causes C to be exponentially arge in T. Since viscoelastic effects can occur over long time periods 
(even years, see [7]) we have felt it important to address this issue in more detail. If we work only 
with the trapezoidal scheme, (11), for a non-ageing, solid viscoelastic material then in (9) and (11) 
we can make the following replacements: a(t,t; .,.) ~ a(.,.) and b(t,s; .,.) , b(t - s; .,.). Now, 
making some more detailed assumptions--additional to those of Assumptions 2.1--on the fading 
memory of solid viscoelastic materials, and defining an energy norm: II1 III = .), the following 
sharper esult is proven in [29]. 
Theorem. Let the viscoelastic functions be normalized so that 2(0) =/frO) = 1; assume also that 
there exists a function K(t) such that: 
Ib( t-s;w,v)l<<-xs(t-s)l l lwll l l I l ' l l l  W,, , ,E~ and Vt, t - sE J .  
Furthermore, for some ~ E (0, 0o) let x satisfy: (i) x E C l [ - f ,  cxD); (ii) x(t) > 0, x' ( t ) < O, x" ( t ) > 0 
in [ - ( ,  cx~); and, (iii) 0 < x( -E)  - x(c~) < 1. Then, for k small enough, there is a constant C 
such that 
max Ill, (ti) -  ,Yklll C(h r- '  + k2), 
t iE J  k 
where the temporal dependence of  C is tied exclusively to the truncation errors. That is, C is no 
longer exponentially large and depends on meas( J )  only in so much as these truncation errors 
and the assumptions above do. 
So, in this special case, the exponential growth of C has been removed. This is made possible by 
using comparison theorems which are much more sensitive to the fading memory of the data than 
the usual Gronwall lemma (see e.g. [9, 10]). We note that it is always possible to normalize 2 and 
/~ since the material stiffnesses can be hidden in the bilinear forms. 
Ultimately the aim is to construct space-time adaptive algorithms for this problem with reliable 
error feedback to the user. Our hope in the sharper estimate just mentioned was that it could be 
used as the basis for an error indicator and adaptive time step selection criterion. However, some 
numerical experiments carried out in [29] indicate that the computed error bounds based on this 
result are far too pessimistic to be of any practical value. 
In terms of adaptivity, note that at any time level (11 ) could be viewed as a finite element approx- 
imation to a linear elasticity problem. It is fair to say that adaptive rror control for such problems 
is now reasonably well understood (at least for energy norm control), and so the question of error 
control for these viscoelasticity problems eems to hinge crucially on the success of the time dis- 
cretization. The semidiscrete form of (9) is a system of second-kind Volterra equations; the adaptive 
solution of such equations (in time) is discussed, for example, in [5] using the superconvergence 
of a collocation scheme, and in [16] using a predictor-corrector linear multistep method. However, 
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bearing in mind that we would eventually like to solve adaptively in space-time, the methodology 
advocated by Johnson and co-workers (summarized in [35, Chap. 6]) seems especially relevant. Here 
the finite element methodology is applied exclusively to a fairly large class of problems to discretize 
in space-time over space-time meshes. The technique also provides a framework for deriving both 
a priori and (residual based) a posteriori error estimates. By way of a feasibility study this approach 
has been implemented in [30] on the prototype (pure-time) version of (9): find u C Lp(~), where 
p E [1, c~], such that 
f0 t u(t)= f ( t )+ dp(t,s)u(s)ds, tC J .  (13) 
Employing a discontinuous Galerkin finite element approximation of this problem, using piecewise 
constant trial functions, we obtain an approximate solution u h for which the following error estimates 
apply. 
Theorem. For some pE[1,o~] let uCLp(J) be the unique solution to (13), then for tc  J the 
Galerkin error satisfies the following. 
(i) The a priori estimate: 
Ilu - uhlIL  o,,  <- CII u'IIL (o,, , 1 <~i<<.N. 
Where ~c is the piecewise constant function such that xl(t,_~,t,) := k;. 
(ii) The a posteriori estimate: 
Ilu - uh CIIrlk  0,,), 
where r is the residual and is therefore computable. 
These results are given in [30]. With this method a flexible a posteriori error bound is provided to 
the user who can then make an informed and expert assessment of the worth of the current calculation 
(and hence recompute if felt necessary). The a posteriori bound does not explicitly contain the time 
step and so it cannot of itself be used to reliably control the error, this implies that the time step 
selection must be based on other (perhaps heuristic) criteria. However, adaptive time stepping is 
possible and the user is always able to select p and receive feedback on the Lp integrity of the 
computed solution. The obvious next step will be to investigate the applicability of this methodology 
for the general space-time problems of type (9). 
We end this section with a brief discussion of the viscodynamic problem that results from com- 
bining (1) with (4). Recall that J :-- (0, T] and set H := H01(I2). For simplicity we consider the 
prototype problem: find u E C2(j ;  H) such that 
fO t (u"(t ) ,v)+a(u(t ) ,v)+ b( t ,s ;u(s ) ,v )ds=( f ( t ) ,v )  VvEH, 
u(0)  = u °, u ' (0 )  = u 1. 
Schemes for hyperbolic integrodifferential equations uch as this have been discussed in [11, 18, 
36], the last of which deals with the so-called Ritz-Volterra projection which is a generalization 
of the usual elliptic projection employed in the analysis of nonhereditary time dependent problems. 
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However, unable to find any reports in the literature on the above problem as it pertains to visco- 
dynamics, we proposed the following fully discrete scheme in [27]: for each t iE Jk \  {0,tl}, find 
u hk C H h C H such that 
i 
2 MrqtUi+l -I- AAUi + ~_t~ijB(ti, tj)AUj = AF(ti), 
j=o 
where M is the mass matrix; 
O2U/+l  :=  (U i+ 1 - 2Ui + U,_l)/k2; 
AUy := ¼(Uj+a + 2Uy + Uj_,); 
k is the constant ime step (i.e., ti = ik); and, the wij are again the weights associated with the 
trapezoidal rule. With appropriate assumptions on the regularity of the data the following error 
bound is proven in [27]. 
Theorem. Set t i+l/2 "~---- (i + ½ )k, then 
{ hu(ti+l/2) hk uihk } max [lu'(ti+~/2)- c~tui~'k+lllt={o ) + Ui+l + 
l <.i<.N--I 2 H'(a) 
<~ + C(h r + k2), 
where e is associated with the approximation of the initial eonditions. 
The work in [27] was originally intended to fill a perceived gap in the literature for problems of 
this type, but shortly after it was completed, a paper (of which we were unaware) by Pani, et al. 
[20] appeared in print that had already addressed the issue. For general problems, their scheme is 
more powerful than ours (assuming u is smooth enough in time) in that a certain sparse quadrature 
rule is employed for the history term. This greatly alleviates the problems of calculation time and 
solution history storage generated by the history integral. However, for the viscoelasticity problem 
this advantage may not be relevant: recall the recurrence (8). Another advantage of their scheme 
over the one above is that they do not treat the history in an implicit way (i.e. they have mi; = 0). 
Therefore, if M and A are time independent, the system matrix need only be factored once, leading 
to a faster time stepping scheme. For nonageing viscoelasticity his also is not a relevant distinction 
since in the above scheme the system matrix will also be independent of time because B(ti, ti) 
reduces to B(0). 
The discussion so far has been limited to linear problems for which it is possible to make progress 
in error analysis. In the next two sections we outline some practical applications of numerical vis- 
coelasticity analysis, and discuss some of the problems encountered in forming realistic mathematical 
models. 
4. Viscoelastic fracture 
We now consider the modelling of the deformation of a cracked viscoelastic body under Mode I 
conditions. Specifically, we consider the problem shown in Fig. 1 involving modelling the response 
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I ° 
Finite or infinite strip 
-Crack tip 
x2 
Fig. 1. The Mode I problem of a cracked strip. 
of a finite or semi-infinite strip of material under plain stress or plain strain conditions when subjected 
to a loading of constant magnitude Le applied on part of the crack faces. It depends on the magnitude 
of Le whether or not the crack initially or eventually propagates. It is observed that if the magnitude 
of Le is small then the body creeps due to the sustained load but the crack tip does not propagate. 
For a viscoelastic material it is observed that there is a range of loading magnitudes for which 
the crack will eventually propagate. In this case when the crack first starts to move the speed is 
"slow" and the motion can be classified as quasistatic. Eventually, however, there is a relatively 
short transition to more fully dynamic crack growth with the crack tip typically moving at a speed 
of the order of 0.1cR or faster where cR is the long time Rayleigh wave speed of the body. When 
the crack is moving "dynamically", i.e. the acceleration term in (1) is not negligible, it is observed 
experimentally that the crack tip speed is "approximately constant"; see e.g. the papers [21-24]. This 
dynamic response is also obtained "almost instantaneously" when the initial loading magnitude Le 
is sufficiently large. 
Various mathematical models have been proposed to attempt to account for all these observations. 
Although none as yet have been totally successful the most promising have involved a failure zone 
in the vicinity of the crack tip, see e.g., [26, 33] and an earlier paper by Barenblatt [3]. Our aim 
here is not to review the various models but is limited to just indicating some of the difficulties that 
need to be overcome to obtain a numerical scheme in the case of a Barenblatt failure zone of the 
Dugdale type. 
If the origin of coordinates i at the crack tip and the negative xl axis corresponds to the crack 
faces as shown in Fig. 1 then, mathematically, a Barenblatt failure zone of the Dugdale type involves 
cohesive tractions of "large" magnitude Lf which act on the crack faces in an interval --af < Xl < O. 
The traction is in the direction of the negative x2 axis on the top face x2 = 0 + and it is in the direction 
of the positive x2 axis on the bottom face x2 = 0-. If Lf is taken as a given material parameter 
then the distance af over  which the cohesive tractions act is determined such that the total loading 
on the strip gives rise to finite stress at the crack tip. When this is the case the deformed crack 
faces in the vicinity of the crack tip have a cusp shape. For problems of linear viscoelasticity and 
quasistatic equilibrium there are several equivalent equations which can be given each of which 
determine the length af and these typically involve the use of correspondence principles and the 
stress-intensity/J-integral connection. For nonlinear materials and/or dynamic conditions however 
there is much less choice for expressing this condition. In our work we choose a scheme which 
covers all cases. The scheme is to approximate numerically the cusp profile condition. This can be 
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done in a finite element model of a cracked body by using a mesh which is locally fine in the 
vicinity of the crack tip and with the cusp condition taken as approximately occurring when the 
nodes on the crack faces nearest o the crack tip first "close up". That is if (-x~,O-4-) are the nodes 
on the crack face nearest o the crack tip then af is the shortest length which gives a displacement 
field such that 
u2((-x~, O + ),t) = 0 
at the given time t. With the Barenblatt model a crack opening displacement condition is used to 
detect crack initiation and to control the subsequent crack motion. Specifically, there is a critical 
value u~ r of the vertical displacement at the end of the failure zone such that the crack is stationary 
for all t satisfying 
Uz((--af, O+),t ) < u~ r, (14) 
crack initiation is the first time t = tcr for which 
u2((--af, 0-q-),/cr) = U~ r (15)  
and subsequently, assuming the origin of coordinates always corresponds to the crack tip, the crack 
moves so that 
u2((--af, 0+), t) = U~ r. (16) 
A mathematical model of the fracture problem is thus given by Eqs. (1) together with the con- 
stitutive Eq. (4) or (5) and the additional equations and unknowns corresponding to satisfying the 
finite stress condition and the crack motion condition (16). If 0 = to < tl < " '"  < ti''" denotes the 
discrete times at which the approximate solution is sought then when the crack is moving the ad- 
ditional unknowns at time ti are the crack length a = a(ti) and the length af = af(tg) of the failure 
zone. 
In an attempt o obtain an acceptable solution efficiently we take a mesh of the region which is 
fine in the vicinity of the crack tip but which is otherwise relatively coarse and we move this mesh 
as the crack tip moves taking care to add or remove elements at the ends of the domain as required; 
see Fig. 2. The fine mesh in the vicinity of the crack tip is needed in order to reasonably represent 
the failure zone and the cusp condition and a mesh with relatively few elements is desirable in order 
not to have excessive run times. As the meshes change each time the crack length changes we find 
it convenient to take the length a = a(t~) of the crack as the given quantity at time t;, and we thus 
solve for ti and af(ti) as the 2 additional unknowns. In this way the mesh remains fixed during the 
iterative procedure to determine t~ and af(ti). 
There is an additional comment o that given in Section 3 concerning the time discretization. In 
the case of a nonageing material, we have, after spatial discretization but before time discretization, 
a system of the form 
/0 MV+K q~(t- 'c)U(z)dz=F, l ) -  V=0,  (17) 
where U and V are vectors of the nodal displacements and velocities, respectively, F results from 
the applied tractions, M is a mass matrix and K is the usual finite element (elastic) stiffness matrix. 
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Fig. 2. Typical meshes involving six noded triangles and eight noded quadrilaterals t adjacent time steps. 
The only point which we wish to note here is that for this viscoelastic moving crack problem we 
find it convenient to use a scheme which approximates (17) at time ti+l by 
Mi+I~.(Vi+I -- Vi) -~- Ki+lYi+l mE Fi+l, 
.(gi+ 1 -- g i )  - -~(V i + V/+I) =0,  (18) 
F li+l where Y/+~ is some suitable numerical approximation to J0 q~(ti+l z)t.)'(z)dz, and where ki = 
ti+l - ti. This only requires the mass matrix and the stiffness matrix at time t;+l corresponding to 
one mesh (the mesh corresponding to crack length a(ti+l )). Also the vectors Ui and V~ at time ti 
must be taken as the nodal displacements and velocities at time ti corresponding to the spatial mesh 
at the next time level t~+l. This is the only part of the computation in which we have to transfer 
information at a fixed time from one mesh to another mesh. In the above, M;+I and K~+1 are fixed, 
as a(ti+l ) is fixed during the iteration to obtain the solution at this crack length. However, from 
(17), in the simpler elastic case (i.e., ~o -- 1-there is no memory) we have 
Ki+l + Mi+l Ui+l ---- F,.+I + -~2i2Mi+l(Ui + kVi) (19) 
and the matrix of the system of equations to be solved is/£/+1 + 2Mi+l/k~ and this changes at each 
step of the iterative procedure as the time t~+l--t~ + k~ is one of the unknowns. The situation is 
similar in the viscoelastic ase. Thus the total amount of computation required to model the moving 
crack is not insignificant. 
We now present some typical results that such a scheme predicts for crack motion in the case 
of a semi-infinite strip in a standard linear solid, see (6), corresponding to the relaxation function 
q~(t) =-0.1 + 0.9exp(-0.001t).  In this problem the initial crack length is 2 and we show in Fig. 
3 the predicted crack tip velocity as the crack length increases as a result of the slowly applied 
external loading Le(t)= min(t/t*, 1 ) with the crack initiation condition being met at time t = t* which 
is large. For comparison purposes the figure also includes the crack tip speed in the case of the 
elastic material corresponding to ~o(t)-- 1 assuming that the crack initiation criterion is first also met 
at time t = t* when the crack length is 2. The failure loading in the results presented is Lf = 100. 
The slow crack growth up to the length of about 7 for the viscoelastic material corresponds to the 
quasistatic rack growth whilst the much faster crack speeds correspond to the dynamic behaviour. 
It is this intermediate quasistatic rack growth which distinguishes the viscoelastic fracture 
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Fig. 3. Crack tip speed in the case of an elastic (dashed line) and a viscoelastic material (solid line). 
from the elastic fracture problem. With elastic fracture we can only have either no crack growth or 
dynamic crack growth. 
The above strategy has only been applied so far to crack growth (quasistatic and dynamic) which 
has resulted from an external loading which has been slowly applied. There are additional complica- 
tions corresponding to the interesting and difficult modelling of the "shock" loading situation which 
we have not as yet addressed. 
5. Some remarks about thermoforming 
The use of viscoelastic solid models for the computational modelling of the large deformation 
of polymeric materials in manufacturing processes is something which has so far received very 
little attention for a variety of reasons which include the following. Firstly, models which satisfy 
the axioms of continuum mechanics, and in particular the frame invariance requirement, are nec- 
essarily quite complicated. Secondly, there is the difficulty of determining the material parameters 
and functions in any proposed model. The material parameters and functions usually depend signif- 
icantly on the temperature as well as on the (large) strain. Thirdly, in the context of a complete 
model of a manufacturing process, the difficulty in properly describing the constitutive relationship 
is only one of the several difficult modelling features. For example, in the case of modelling a 
process such as thermoforming, which involves forcing thin sheets of polymeric material into a 
mould to form container structures, there are also difficulties concerned with dealing properly with 
the contact of the deforming sheet with the mould. The primary interest in modelling thermoform- 
ing is usually in the prediction of the final thickness distribution and in many cases "reasonable" 
predictions can be obtained with the material modelled incorrectly as an incompressible lastic 
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material; see e.g., [31, 34]. Thus for thermoforming it may be that for the prediction of thickness 
distributions the correct modelling of the material behaviour is not that important but no proper de- 
duction of this type can be made until results with valid geometrically nonlinear viscoelastic models 
have been obtained. In addition, we cannot expect to predict the stresses properly in such mate- 
rials if only elastic constitutive relations are used. Hence, despite our cautionary statements, we 
believe that the development of large deformation viscoelastic models is worthy of further consid- 
eration. 
For the constitutive models, we noted in Section 2 the rather general nonlinear constitutive rela- 
tionships for viscoelastic materials involving multiple integrals which are described in standard texts. 
Such models are usually dismissed as not being very practical. In practice constitutive models which 
are considered are usually of the single integral type. For an incompressible isotropic material the 
form of a frame invariant large deformation single integral model is, in tensor notation, 
S( t )  = -p ( t ) I  + 2 Wl(t  - z, I I ,h)Cr l(z,t) - Wz(t - z, Ii,/2)Cr(z, t) dz, (20) 
where p is a hydrostatic pressure as a consequence of the incompressibility condition, I1 = I1(Q, 
/2 = I2(Q are strain invariants, Cr is the relative Cauchy strain tensor and W1 and WE are partial 
derivatives of a scalar potential W with respect to I1 and/2, respectively; see [25, p. 22]. The relative 
Cauchy strain C is given by 
- -  - -T  - -  
Cr(z , t )=Fr ( r , t )F r (z , t )  with Fr (Z , t )=F(z )F  l(t), (21) 
where F(z) is the usual deformation gradient at time z. Thus we can also write Cr(z, t) as 
Cr(z , t )  = F-T(t)C(T)F '(t), 
where C(z)=Fa(z) r (z )  is the usual right Cauchy Green deformation tensor. The viscoelastic onsti- 
tutive relation (20) can be considered as the viscoelastic generalization f the standard incompressible 
isotropic elastic relation 
g = -p i  + 2WIB - 2W2 ~-1, (22) 
where B = F ~a- is the left Cauchy Green deformation tensor and 
0W 0W 
W1 - and WE -- (23) 
011 012 ' 
where W is the strain energy function. Thus the elastic relation involves the tensor B, which is 
objective, whilst the viscoelastic relation involves the tensor Cr(z, t), which is also objective, and 
we can observe that if F (0 )= i then 
-Cr(O,t)=B-l(t) and Cr( t , t )= i .  
In the case of a Mooney-Rivlin elastic material the strain energy function is of the form 
W = C((I1 - 3) + ~(I2 - 3)), (24) 
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where C and a are constants. Thus in (22), W1 = C and W2 = Ca are constants. A viscoelastic 
analogue of this model is of the form 
S(t) : -  p(t)I+2(p(O)E(t)+2CF(t)(fo'~O(t-z)C-l(z)dz)FT(t) 
-2 (Ca)F  -T(t) ( f '  ~b( t -z )C(z )d 'c )F - l ( t )  
where 
E(t)=C(B(t)-aB l(t)) 
(25) 
(26) 
assuming that W1 and W2 have the same time dependence and assuming that the body is unde- 
formed for time t < 0. Such a model is said to be of the BKZ type. The constitutive model can 
be considered as "linear" in the sense that the integral terms only appear in the convolution form 
t fo'(O(t- z)C- l (z)dz and f0 ~b(t- z)C(z)dz as in the small strain (linear) case described in Sec- 
tion 2. These terms however now depend nonlinearly on the displacement u. This is a relation that 
we propose to consider in the future in order to compare with (22) in the thermoforming context 
with membrane theory used to describe the behaviour of the thin sheet. 
To give the full set of equations describing the large deformation of incompressible isotropic 
viscoelastic materials deforming under quasistatic onditions we have (25) and (26) together with the 
equations of quasistatic equilibrium. As given, the form of the Eqs. (2) assumes partial differentiation 
with respect o the deformed configuration and with a small strain assumption we do not need to 
distinguish between the undeformed and the deformed configurations. For solid materials and large 
deformations it is convenient to use a Lagrange description in which everything is related to the 
undeformed configuration which requires that (2) is replaced by 
~Hj i _ f i ;  i - -1 ,2 ,3 ,  (27) 
where 1-I/j are the components of the Piola stress tensor n - -  (detF)F lg and where the spatial 
derivatives are with respect o the undeformed state. 
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